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Abstract Based on frequency response and convex optimization, a novel optimal control system was developed
for chemical processes. The feedforward control is designed to improve the tracking performance of closed loop
chemical systems. The parametric model is not required because the system directly utilizes the frequency response
of the loop transfer function, which can be measured accurately. In particular, the extremal values of magnitude and
phase can be solved according to constrained quadratic programming optimizer and convex optimization. Simula-
tion examples show the effectiveness of the method. The design method is simple and easily adopted in chemical

industry.
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1 INTRODUCTION

In recent years, optimal control systems have
been strongly demanded in chemical processes [1-3].
In the control system design, models from response
function measurements form the basis for structural
dynamic analysis of complex system [4-6]. The model
could be used for prediction, feedback controller de-
sign and feedforward controller design such as the
zero phase error tracking controller [7, 8] and optimal
feedforward control [9-12]. In practice, such precise
information may be unavailable or is difficult to ob-
tain, while frequency response of a plant can easily be
measured. On the other hand, it is an essential part of
controller design in classical control design such as
that for proportion-integral-derivative (PID) control-
lers and their tuning rules [13, 14].

It is unlikely that the model matches the meas-
ured frequency response, and some modeling error
may affect parametric fitting. For feedforward con-
troller design, this error can be avoided by using the
frequency response measurement directly [15, 16]. The
objective of this work is to find a controller so that the
system behavior from the reference signal to the out-
put signal presents a desired frequency response. The
extremal values of the magnitude and phase of the
family frequency response, which is generally involve
in convex optimization problem, can be solved by a
constrained quadratic programming optimizer [17].

In this paper, we present an efficient and practical
method for design. We consider the transfer function
applying convex optimization to the frequency response
data in a time domain filter, which can be convolved
with an input signal to generate a prediction of output.
For feedforward control, the system frequency re-
sponse can be inverted on a point-by-point basis. The
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feedforward controller complete set can be obtained in
terms of frequency response data of the closed loop
system rather than from transfer function or state
space of the loop model.

2 MODEL DEVELOPMENT

2.1 Statement of problem

Figure 1 shows the control system for a chemical
process, where r¢ is the input, P(s) represents the dy-
namics in chemical process of a single input single
output (SISO) system, C(s) is an existing feedback
controller, F(s) is the feedforward controller to be de-
signed, W.(s), W,(s) and Wr(s) are frequency-varying
weighting functions for control error e, control effort u
and process output y, respectively.

The existing feedback system (within the dashed
lines) has one input rg, with the control system trans-
fer function as follows

N(s)
D(s)

The loop input-output napping can be expressed
by a transfer function matrix

G(s)=C(s)P(s) =

(M

u(s)
_ _Gcll,l(s) B 1 (s)
Gals)= _Gc12,1 (S)} - M
7 (s)
[ o+ PECE)] ,
| P(s)C(s)[1+ P(s)C(5)] @

We assume that the sampled frequency response
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Figure 1 Control scheme for a chemical process

. nk
{Gcl (]a)k )} > Wy N
ther by taking spectrum measurements or by computa-
tion of Eq. (2). The control signal # may or may not be
conveniently accessible, dependent on the system
hardware implementation. We try to find F(s) with
discrete-time frequency domain as follows

, k=0, ---, Nis available ei-

z|_le _ 1+ G(s) = F(s)G(s)| _
1= rWe(s) W.(s) 11 Gs) |~0 )
£ =‘%WT<S) W ()G VF (1 ()
BI=Yw ()| = W, ()G ()F ()| <1 (5)
r r

where the sign “~” means “close to” and “<” means
close to but not larger than. Eqs. (4) and (5) are speci-
fied for model-matching and control-bounding, re-
spectively. Design for weighting functions W,(s), W,(s)
and W1(s) is described as follows.

Since the constraint Egs. (3)—(5) can be satisfied
by limiting the following singular value at each fre-
quency, it is possible to approximately transform time
domain specifications into the frequency domain by
suitable selections of Wr(s) and W, (s).

2
o b e
r r r v
1
2 " 2\,
%WT(ja)) +7Wu(jw) ] <y , Vo (6

For example, to bound the control effort using a first
order low pass filter

1 a
Upna (8) =

W.(s) l+sia,

where a determines the maximum allowable control
effort in the frequency domain. When the input is a
sine-wave, a is actually the maximum amplitude of
the control signal. We assume that a can be adjusted as
a reasonable parameter for time domain constraints,
especially when the input signal is not known exactly.
In some cases, the initial spikes of u(k) can be reduced
by reducing w,. Similarly a standard two order model
is described by Franklin et a/ [18].

(7

2
1 w, )

We(s) s°+20w, + @}

4, . . 1.
We define £, =—6 (1% settling time) and ¢, ;—8

n a)ﬂ
(rise time for § =0.5). Wi (s) and W,(s) are usually

iteratively designed and verified by simulation until
the response of y(k) is satisfactory, with reasonable
u(k). This scheme is similar to the design of frequency-
varying weighting filters for H, or H,, control [19, 20].

We start with the block diagram in Fig. 1. At se-
lected frequencies, using standard convex optimiza-
tion techniques, we can solve a sampled H,, optimiza-
tion problem as follows

i i: 1 E :
gin s 2= i e )
= min max We(ja)k) + (]wk) ('ka) (]a)k)|
e 1+ G (joy ) |
©)
s.t.
2

:|WT (jor ) Gepzy (Jr ) F (Jeo )| <1

A

W, (jwk )Gcll,l (jwk )F(ja)k )| <L Vo,

k=0,--,N

It means that at each selected frequency, F(jwy) is
trying to match the reference input signal as close as
possible and bounds the worst-case energy gain from
the reference input to the control output. Problem (9)
can be transformed to a set of linear matrix inequali-
ties in terms of the real and complex parts of F(jwy). It
can be solved by a constrained quadratic programming
optimizer. The periodic causality constraint is de-
scribed and applied [21, 22].

2.2 Design of optimal control

In this section, the complete set is obtained in
parameter space (x;, x;) by analyzing the frequency
response data of the closed loop. These designs can be
formulated as convex problems and solved efficiently
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by interior point methods [23].
Let controller F(s) be a one order low-pass filter,
(10)

F(s)=—1

S+ X,

We make the following assumptions throughout
the paper.

(1) The loop is stabilizable, that is, polynomials
N(s) and D(s) are coprime.

(2) The loop has no jw poles.

(3) The only information available to the designer
is: @ the knowledge of frequency response magni-
tude and phase, i.e., P(jow)= P(w)+jPi(w), for we[O0,
w]; and @ the knowledge of the number of plant
right half-plane (RHP) poles.

The root invariant regions in parameter space (xi,
X2) can be determined using the following result. Con-
sider the characteristic polynomial of the two-degree-
of-freedom control system:

H(S)leN(s)+(s+x2)D(s) (11)
Polynomials N(jw) and D(jw) are defined as

{N(ja»:zvr(mei(w) -
D(j@) =D, (@) + jDy(©)

And
NGo)
D(jw)
_N.(@)D, (@) + @’ N,(0)D;(w) .
D} (w) + 0 D? (o)
. 0[N, (@)D, (®) - N, (gw)D,(®)]
D} (@) + o’ D (w)
=G, (0)+jG (@) (13)

G(jo)=

Hence, Eq. (11) can be written as
11 (jo)=xN(jo)+(jo+x,)D(jw)
=[N (@) + jN;(@)] +
(jo+x,)[D, (@) + jDi(0)]
=R(w) + jl(®) (14)
where
R(®) = x,N, (@) + x,D,.(0) — w* D;(w) (15)
(@) =x,N,(®)+x,D.(w)+ D,(w) (16)

Based on the boundary crossing theorem [24], we
have following two conditions.

(1) Real root crossing condition

From Eq. (11), it follows

[1(0)=x,N(0)+x,D(0)=0 a7
and since D(0) # 0, it is equivalent to
N ()
xlTO)+x2 =xG0)+x,=0 (18)

(2) Complex root crossing condition

By setting Egs. (15) and (16) to be zero, we have

Dl(w)+@’Di(w) @

O N @b, @ -N@D@) G
5 (@) = - Ne(@D: (@) + o’ N,(0)D,(0) G, (0)o
T N(@D (@) -N,(@)D(@) G (w)
(20)

One straight line and one curve can be deduced
in the plane x;-x, based on the frequency domain data
G(jw) of the loop. Once the controller parameter space
is partitioned into root invariant regions, it is neces-
sary to select a point from each region and test the
stability of the corresponding closed-loop system. The
stability test can easily be done by plotting the Ny-
quist plot and from the knowledge of the number of
RHP poles of the loop.

2.3 Stability analysis

In control system design, additional requirements
beyond closed-loop stability are imposed. These addi-
tional requirements include guaranteed gain and phase
margin, and acceptable bounds on the H,, norm of the
closed loop transfer function. We propose a new ro-
bustness specification A, defined as

A= max [Re[G(jw)] (1)

where G(jw) is the closed loop transfer function and A
is the maximum of absolute real part of G(jw), as
shown in Fig. 2. The new specification is similar to
the gain margin and phase margin specifications.

A
Im G(jw)

>
>

Re G(jow)

Figure 2 Geometrical illustration of constraint (21)

Such a problem is equivalent to the simultaneous
stabilization problem of the original closed loop G(s)
and the family loop transfer function G'(s) whose fre-
quency responses are defined as follows.

Guaranteed gain margin problem

G'(jo,)={kG(jm,) :ke[l,k*]},Am>% (22)

where k" =1 is the required gain margins. If conditional
gain margin is required, it can be treated similarly.
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Guaranteed phase margin problem
G'(joy) = {ejHG(ja)k) :0e [0,0*]}, @,, > arccos(A4)

(23)
where 8" = 0 is the required phase margins.
Guaranteed H,, margin problem
For sensitivity function S(s),
[ws)sel, <7,
1
o G(jay,) :0€[0,2]
o= T Lo )|
Y
24)

For complementary sensitivity function 7(s),
e, <7,

G'(jo )= {G(ja)k ){1 +%ej‘9W(ja)k )} fe [0,2n]}

(25)
The family G'(s) is in general a complex family.

3 SIMULATION RESULTS

In this section we will give two examples to il-
lustrate the design method for the first order low pass
feedforward controller. We collect the frequency do-
main (Nyquist-Bode) data of the loop transfer func-
tions for following processes.

Example 1 Consider plant P(s) and controller
C(s) analyzed by Piazzi and Visioli [25] with the closed
loop transfer function G(s) referring to G'(jw, )=
{G(jo,)=C(jo,)P(jo,) :o,<(0,1000] sampled

every 0.01} . The Nyquist plot of G(jw) obtained is
shown in Fig. 3, in which the closed loop stabilization
is satisfied for all frequencies.

150
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0

imaginary axis

=50

=100

_150 1 1 1 1 1 1 1 1 1
-7 -6 -5 -4 -3 -2 -1 0 1 2 3
real axis

Figure 3 Nyquist plot of G(jw) for Example 1

From the data G(jw), we have G(0)=3.156 and
G(0)=0. The data points representing curves x; and
x; in Egs. (19) and (20) are depicted in Fig. 4. By
testing each point for the stabilization, it is identical to
those in the example.

1 Il 1
5 10 15 20 25 30
k

_60 Il 1
0
Figure 4 Curves x; and x, for Example 1

We now consider the system stabilization. The
control system transfer function H(jw) can be defined
as H(jw)=F(jo)G(jw). Fig. 5 shows the model and
true control system bode plot of H(jw) obtained.
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frequency/rad-s™!

Figure 5 Bode plot of H(jw) model (dashed) and true (solid)
frequency responses for Example 1

magnitude/dB

phase/(°)

The bode plot shown the closed loop stabilization
is satisfied for all frequencies. The model frequency
responses fit true data.

Example 2 Consider the process with a large
time delay analyzed by Wang and Shao [26], P(s)=

0.4032

! -0 C(s)=1.9815+ ,
S

(s+D(s+2)(s+3)

and the closed loop transfer function G(s) refers to
G'(ja,)={G(jo,)=C(jo,)P(jw,) : o, €(0,1000]
sampled every 0.01 }.

The Nyquist plot of G(jw) is shown in Fig. 6. The
closed loop stabilization is satisfied for all frequencies.
From the data G(jw), we have G(0)= 0.012 and G(w0) = 0.
The data points representing curves of x; and x; in Egs.
(19) and (20) are depicted in Fig. 7.

For the system stabilization, the model and true
control system bode plot of H(jw) are shown in Fig. 8.

The bode plot shows that the closed loop stabili-
zation is satisfied for all frequencies. At higher fre-
quencies, the model frequency response causes a little
error compared with true data because the feedforward
controller selected is a low pass filter.
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Figure 6 Nyquist plot of G(jw) for Example 2
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Figure 7 Curve of x; and x, for Example 2
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Figure 8 Bode plot of H(jw) model (dashed) and true
(solid) frequency responses for Example 2

Using standard convex optimization techniques
and minimizing the tracking errors, we can solve a
sampled H,, optimization problem. Fig. 9 shows the
mean magnitude of the tracking errors for different

10
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frequency/rad-s™!
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Figure 9 Mean tracking errors at different frequencies
for feedback only (dashed) and feedback with feedforward
control (solid)

controllers at different frequencies. The feedforward
controller can improve the tracking performance.

4 CONCLUSIONS

In this paper, a new design method for a chemical
system is developed. The complete set is obtained in
parameter space (x;, x;) in terms of frequency re-
sponse data of the closed loop system rather than from
transfer function or state space. Satisfactory responses
can be expected for process with various dynamics,
including those with high order, large delay time re-
sponses. System stabilization and tracking perform-
ance are guaranteed with the frequency responses of
the closed loop transfer functions. Design parameter 4
satisfies the system robustness. Using standard convex
optimization techniques, we can minimize the tracking
errors. Simulation examples show the effectiveness
and flexibility of the controller in handling processes
of different characteristics. The control system can be
designed without model or identification.

NOMENCLATURE
C(s) feedback controller
D(jw) frequency domain polynomial
D(s) s domain polynomial
e control error
F(s) feedforward controller
G(jw) frequency domain transfer function
G(s) control system transfer function
Gu(joy)  transfer function frequency response

G (s) transfer function matrix

N(jw) frequency domain polynomial

N(s) s domain polynomial
P(s) chemical process
r set point
N s domain function
S(s) sensitivity function
T(s) complementary sensitivity function
u control effort
We(s) frequency-varying weighting functions for the control error e
Wr(s) frequency-varying weighting functions for the process output y
W.(s) frequency-varying weighting functions for the control effort u
X parameter space
X2 parameter space
y process output
4 coefficient
[ phase
A robustness specification
I1(s) characteristic polynomial of the control system
IIjw) frequency domain characteristic polynomial of the control system
Wy sample width
Subscripts
e control error
i imaginary part
k number
r real part
T process output
u control effort
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